A key issue in assessment on tunnel face stability is a reliable evaluation of required support pressure on the tunnel face and its variations during tunnel excavation. In this paper, a Bayesian framework involving Markov Chain Monte Carlo (MCMC) simulation is implemented to estimate the uncertainties of limit support pressure. The probabilistic analysis for the three-dimensional face stability of tunnel below river is presented. The friction angle and cohesion are considered as random variables. The uncertainties of friction angle and cohesion and their effects on tunnel face stability prediction are evaluated using the Bayesian method. The threedimensional model of tunnel face stability below river is based on the limit equilibrium theory and is adopted for the probabilistic analysis. The results show that the posterior uncertainty bounds of friction angle and cohesion are much narrower than the prior ones, implying that the reduction of uncertainty in cohesion and friction significantly reduces the uncertainty of limit support pressure. The uncertainty encompassed in strength parameters are greatly reduced by the MCMC simulation. By conducting uncertainty analysis, MCMC simulation exhibits powerful capability for improving the reliability and accuracy of computational time and calculations.
Introduction
Valid estimation of the tunnel face stability under excavation requires a reliable evaluation of limit support pressure which prevents soil collapse. This issue has been extensively studied with limit equilibrium method [1] , numerical methods [2, 3] , and experimental methods [4] . The limit equilibrium method is commonly used for predicting limit support pressure, being relatively simple compared with finite element analysis. Investigations showed that soil parameters, such as cohesion and friction angle, are the most important soil properties for influencing the limit support pressure [5] . Therefore, accurate estimation of soil strength parameters is necessary for assessment of the tunnel face stability under tunnel excavation.
Normally the mean values of soil parameters are used in deterministic analysis. Although the method can deliver accurate analytical results of support pressure, it requires the input parameters for every calculation point in situ and cannot control the spatial variability of the input parameters. In fact, geotechnical materials are natural materials, and their properties are affected by various spatially variable factors during their formation processes. The inherent spatial variability has been considered as one of the major sources of uncertainties [6, 7] and can be modeled using stochastic analysis [8] .
A major difficulty in estimating accurate limit support pressure arises from the uncertainties incorporated in the input parameters of the computer model. The input strength parameters, such as cohesion and friction angle, are usually determined by direct measurements in laboratory. These samples will be disturbed in the process of testing. Meanwhile, the test conditions in laboratory cannot be exactly the same as in situ. This also leads to a significant uncertainty in predicting the limit support pressure for keeping tunnel face stability. This uncertainty poses challenges for obtaining 2 Mathematical Problems in Engineering reliable design of tunnel excavation. The stochastic approach can improve the traditional deterministic methods for taking the uncertainties of the parameters into account.
In practice, tunnel face collapse prediction can be formulated as a classification. Many studies have been performed to analyze the stability of tunnel face [9] . Mollon et al. [10, 11] use response surface method to perform probabilistic analysis of the face stability of tunnel. Li et al. [12] use the firstorder reliability method and Monte Carlo simulation to carry out reliability analysis of a circular tunnel subjected to a hydrostatic stress field. Oreste [13] presents a probabilistic design approach for the tunnel taking into account the uncertainties of the rock mass quality index. Celestino et al. [14] evaluate the probability of failure according to load and resistance factor design principles. Langford et al. [15] use a modified point estimate method to design the tunnel. Lu et al. [16] evaluate failure probability of each failure mode of a rock tunnel by the first-order reliability method and the response surface method via an iterative procedure. Eshraghi et al. [17] study the face stability of TBD-driven tunnel in heterogeneous soil using probabilistic approach.
Bayesian approach can update the current state of knowledge about the model parameters based on the measurement data [18] . Many successful applications of Bayesian approach have been reported, e.g., estimation of the parameters of hydrological model [19] , confidence interval of SWCC [20] , and braced excavation [21] . Although previous studies have been done on the probability analysis of tunnel, a systematic Bayesian framework and Markov Chain Monte Carlo (MCMC) simulation for the probabilistic analysis has not yet been developed. The effect of uncertainties of soil parameters on prediction uncertainty of tunnel face stability below river using a Bayesian framework has not yet been investigated.
In this paper, the probability is associated with the different parameters which are governing the tunnel face stability and furthermore detailed in the following. The soil strength parameters, such as friction angle and cohesion, are assumed as random variables. The tunnel face below river is in the homogeneous soils. The three-dimensional model of tunnel face stability below river is based on the limit equilibrium theory and is adopted for the probabilistic analysis. The probabilities analysis and parameters uncertainty estimation are performed using the Markov Chain Monte Carlo (MCMC) simulation method which is good efficiency for highly nonlinear problem [22] , with a delayed rejection adaptive metropolis (DRAM) [23] algorithm. The effects of uncertainty of strength parameters on the limit support pressure are discussed using the proposed Bayesian framework.
Limit Support Pressure
Wedge analysis [24] based on the limit equilibrium theory is adopted the limit support pressure for the face stability of a tunnel below river. A simple failure mechanism which idealizes the three-dimensional mode of tunnel face is shown in Figure 1 . The collapsing soil in front of the tunnel is schematized as a triangular wedge; the wedge is assumed as a rigid body. , , are the width, length, and height of the Figure 1 , respectively. The length of prism is = / tan , and the inclination of wedge is = 45 ∘ + /2. This three-dimensional model is first proposed by Horn [25] , and a right-angled prism extends from the tunnel crown to the surface. The Mohr-Coulomb failure condition with friction angle and cohesion is assumed. Terzaghi's formula [26] has generally been adopted as vertical earth pressure acting the tunnel.
The circular cross-section of the tunnel is approximated by a square whose sides are as long as the circular tunnel diameter and has the same area.
Considering an element has dimension within prism of height as shown in Figure 1 , the upper and lower vertical force of element are, respectively,
where V is the effective earth pressure from the overlying prism and is the cross-sectional area of prism. Vertical friction applied to lateral of the element is
where is the girth of prism; 0 is coefficient of earth pressure at rest, 0 = 1 − sin . The vertical equilibrium equation of reads as follows:
where is the volumetric weight of the soil. From the equilibrium equation (4) of the forces acting on the wedge, with boundary conditions = 0, V = 0 , the effective earth pressure acting upon the wedge can be obtained as
where 0 is the surcharge on the surface.
Mathematical Problems in Engineering For the sake of simplicity, the soil of wedge is considered to be homogeneous. Assuming the failure criterion holds along the failure face, a static equilibrium equation can be set up. When a shield tunnel is located below the river, the stability analysis of the shield tunnel face needs to consider the influence of pore water pressure. The pore water pressure usually is considered an external force [27] and the forces acting upon the wedge at the tunnel face illustrates in Figure 2 . A hydrostatic distribution of pore water pressures along the slip surface is assumed. There are effective earth stress V at the wedge-prism-interface, the self-weight of wedge = 3 /2 tan , the support force at the tunnel face, the normal force on the inclined sliding surface, the shear forces on the inclined as well as on the sliding surface, the symmetric normal force , and the shear force on the two lateral surfaces of the wedge.
The vertical mean stress on the inclined sliding surface is
The shear forces on the inclined sliding surface is
The shear force acting on the two sides of the wedge can be written as follows:
Not taking the infiltration in excavation face into account, the overburden strata are assumed to be permeable with high permeability, such as sand and gravel. So a complete hydraulic connection exists between the river water and groundwater. In this sense, the pore water pressure generated by river water can be expressed as
where is the unit weight of water and is the thickness of stratum no. , which is located above the centre point of tunnel face.
By considering the water pressure and equating force in the vertical and horizontal direction, the limit support force on the tunnel face is
where = (sin − tan cos )/(cos + tan sin ) and V is calculated in terms of effective stresses. The support pressure is simplified and considered uniform, and the minimum support pressure termed as limit support pressure which keeps the tunnel face stable is expressed as
This would provide a simple design method for limit support pressure on the tunnel face. Effect of a multilayered overburden also can be taken into account. In this paper, this mechanism will be used for the probabilistic analysis.
Bayesian Framework
Within a Bayesian framework, inferences are made about the parameters of interest by a probability distribution given the data [28] . Bayesian framework is applied to estimate the values of unknown parameters of a model about which some prior information may be available. According to the Bayes' theorem, the posterior distribution of is proportional to the product of the likelihood function and the prior distribution function [29] . Bayes' formula can be written as follows:
where ( ) is the prior probability distribution of the parameters; ( | ) is the likelihood function and incorporates the statistical as well as the mechanistic relationships among the predictors and variables; ( | ) is the posterior distribution of the parameters; ( ) is the normalizing constant to make the probability density function valid. is vector of uncertain input parameters. The prior distribution of and measured data can be integrated using a systematic way. The error or difference between the actual performance and the model prediction is defined as the model correction factor which can be used to characterize model uncertainty.
where is the actual limit support pressure; ( ) is predicting limit support pressure using the given tunnel face stability model; is vector of uncertain input parameters. The likelihood function gives a measure of the agreement between the available data and the corresponding model output. Assuming that error is to be normally distributed, the likelihood function is the conditional probability density function of and can be written as
where is the probability density function of standard normal variable; and are the mean and standard deviation of errors, respectively.
Markov Chain Monte Carlo Method
Bayesian updating can be achieved using Bayesian framework, when conjugate priors are given. The posterior distribution function of input parameters and model predicted response cannot be derived through analytical means. An alternative approach is to use a MCMC method to obtain the numerical summarization of the posterior distribution. Therefore, random sampling methods are needed to generate samples from the posterior distribution function. These posterior distributions are obtained using the MCMC simulation, which is an effective random sampling method. The MCMC simulation can maintain adequate sampling density as the number of parameter increases and compute efficiently which has gained popularity in recent years to sample the posterior probability density function [30] . It can handle efficiently problems with a large number of random variables and is very flexible to any type of prior distribution. The idea of the MCMC simulation is to simulate a random walk across the parameter space by drawing samples from the approximate posterior distribution and improving those draws until the distribution converges to the target posterior distribution. Delayed rejection adaptive metropolis algorithm (DRAM) [23] is the widely used algorithms in the MCMC method. A multivariate normal distribution with a mean vector defined by the current value and the covariance matrix is considered as
where 0 is the initial covariance to start the adaptation procedure; is a parameter that depends only the dimension of the state space, = 2.4 2 / ; cov( 0 , . . . , i−1 ) is the covariance of previous samples; denotes the d-dimensional identity matrix; is a small constant.
The definition of the empirical covariance matrix determined
where = (1/( + 1)) ∑ =0 . For > 0 , substituting (16) into (15), the covariance satisfies the recursive equation as
In the delayed rejection algorithm, the proposed sample (1) is accepted with the probability.
where 1 is the first proposal distribution. The second stage proposal is accepted with probability if the (1) is rejected.
where 2 is the second proposal distribution. This process of delaying rejection can be iterated.
Probabilistic Analysis
Numerous test investigations and numerical studies of tunnel face stability have illustrated that the friction angle and cohesion have significantly influence the accuracy of the predicting limit support pressure. In this study, only the friction angle and cohesion are considered as random variables. The updating process starts with assumed with the prior distributions for the soil strength parameter of friction angle and cohesion, which are considered important for limit support pressure on tunnel face. The friction angel and cohesion are considered as random input parameters with normal variables. In this study, the respective means of friction angle and cohesion are denoted as = 30 ∘ , = 5 kPa, respectively. The prior coefficient of variation (COV) values of the friction angle and cohesion are assumed to be COV = 15%, COV c = 20% [31] , respectively. The prior distributions and basic statistics of the soil parameters are summarized in Table 1 .
For probabilistic analysis of support stress on tunnel face, variation of friction angle and cohesion are considered. Other parameters come from the crossing Ganjiang River tunnel and are used as follows: saturated unit weight = 20 KN/m 3 , the tunnel diameter = 6m, the tunnel cover depth = 12m, and the water depth in river ℎ = 10m. We consider a measurement outcome of limit support stress = 254.68 kPa which corresponds to the measured mean values of friction angle 28 ∘ and cohesion 4 kPa, respectively, according to the laboratory test results of soil in site. The adopted model functions are limit support stress which is provided in (11) . Based on the Bayesian framework described in the previous section, the material properties of the soils are updated using the assumed the limit support pressure 254.68kPa.
The chains with total number of evaluations equal to 30,000 are used in MCMC simulation with a DEAM algorithm, and the posterior samples generated are shown in Figure 3 . From the Figure 3 , it shows that the chains can quickly converge to a stable posterior distribution. The Markov chain is effective in collecting representative samples. After verifying that the distribution of the values converged to the posterior distribution, the distribution of the parameters can be used to produce optimum simulations and generate an estimation of the model uncertainty. The initial 5,000 samples are discarded because the Markov chain has not stabilized. The remaining 25,000 samples are used as the posterior distribution samples. within a small region and show normal shape. The posterior mean, standard deviation, and COV value are summarized in Table 2 using the remaining 25,000 samples. The "best" parameter set is typically created by computing the mean for each input parameters [32, 33] . The mean of posterior distribution for the friction angle and cohesion is also smaller than that of prior distribution, the updated mean values of the friction angle, and cohesion decrease from 30 ∘ to 27.816 ∘ and from 5 kPa to 4.268 kPa, respectively. The means of values are getting increasingly closer to the measured parameters (friction angel 28 ∘ and cohesion 4 kPa) which express the ability of the MCMC method to converge to the measured parameters. According to Table 2 , the prior and posterior standard deviations are also given for a comparison. The distribution of friction angle and cohesion is significantly modified via Bayesian updating. The standard deviation of friction angle is reduced from 0.15 to 0.114. The standard deviation of cohesion is reduced from 0.2 to 0.163. Compared to the COVs of the soil parameters of prior and posterior distribution, the COVs of both friction angle and cohesion are reduced with the application of the Bayesian framework. The posterior density will be more concentrated and more informative than the prior density. The COVs for both friction angle and cohesion are reduced, implying reduction in the uncertainty of strength parameters. The updated parameters show that the uncertainty of friction angle and cohesion is reduced, which reflects the measurement on the variable.
Results and Discusses
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Predicted Limit Support Pressure.
In this section, the probability distribution of the limit support stress is determined for a given condition. Using updated soil parameters of friction angle and cohesion presented as posterior distributions, the limit support pressure on tunnel face can be estimated. The limit support pressures obtained by the posterior and prior distribution are shown in Figure 6 , respectively. The outcomes resulting from prior and posterior parameters are demonstrated. The cumulative distributions are shown in Figure 7 . The distributions have considerable effects on limit support pressure on tunnel face. With all the soil strength parameters updated via Bayesian framework, the three-dimensional model of tunnel face stability is able to compute probabilities more accurately and realistically. 
Conclusions
In this paper, a Bayesian framework for updating soil strength parameters in tunnel excavation below river is presented. The method employs a MCMC simulation based approach to derive the posterior distribution of the parameters. The posterior distribution can be used for probabilistic analysis of the limit support stress on the circular tunnel face. The 3D analysis model with the limit equilibrium method is used as deterministic model. The uncertain parameters considered in the analysis are the soil strength parameters as the friction angle and cohesion. Comparing with the prior distribution, the means of prediction improve and the variation of prediction reduces by the proposed Bayesian framework. Therefore, the proposed method is effective in reducing the 7 uncertainty of soil strength parameters, demonstrating its potential as a practical geotechnical engineering tool. The Bayesian framework with MCMC method might be more favorable in the uncertainty analysis and risk management.
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